The hydrogen ͓1,3͔-sigmatropic shift in propene is predicted by the Woodward-Hoffman rules to occur by an antarafacial pathway, yet the lack of experimental evidence suggests that this pathway is not favorable. Two natural questions arise: ͑i͒ can the ͓1,3͔-shift be made more favorable by a symmetry-forbidden multistep pathway, and ͑ii͒ can the energetics be influenced by a substituent on propene? As in many chemical reactions, describing the energetics of these reactions requires a balanced treatment of both single-reference and multireference electron correlations, and yet traditional wave function methods often excel in treating only one kind of correlation. An equitable description of correlation effects, however, can be achieved, at a cost similar to efficient single-reference methods, by computing the two-electron reduced density matrix ͑2-RDM͒ from the anti-Hermitian part of the contracted Schrödinger equation ͑ACSE͒ ͓D. A. Mazziotti, Phys. Rev. Lett. 97, 143002 ͑2006͔͒. As with the contracted Schrödinger equation, the indeterminacy of the ACSE is removed without the many-electron wave function by reconstructing the 3-RDM from the 2-RDM via cumulant theory ͓D. A. Mazziotti, Chem. Phys. Lett. 289, 419 ͑1998͔͒. In this paper we apply the ACSE to study sigmatropic shifts in both propene and acetone enolate while extending its formalism to treat doublet spin states. In the 6-311G
I. INTRODUCTION
Sigmatropic rearrangements are isomerizations that constitute an important class of pericyclic reactions where a -bonded group migrates across a -system, of which two classic examples are Cope and Claisen rearrangements. 1 The migration of a hydrogen atom to a location j atoms displaced from the initial position is termed a ͓1, j͔ shift. In this paper we study the relative energetic favorability of ͓1,3͔-sigmatropic shifts in propene and acetone enolate, where acetone enolate can be viewed as a substituted propene molecule with the hydrogen on its central carbon replaced with an oxygen anion. Key questions include: ͑i͒ can the ͓1,3͔-shift be made more favorable by a symmetry-forbidden multistep pathway, and ͑ii͒ can the energetics be influenced by a substituent on propene as in the case of acetone enolate?
As with many chemical processes from bond breaking to biradicals, excited states, and transition-metal complexes, an accurate treatment of these reactions requires a balanced description of both single-and multireference correlation effects. Multireference correlation occurs when two or more determinants contribute significantly to a molecule's wave function at zeroth order of perturbation theory. Traditional wave function methods are often divided according to their inclusion of one-or more-than-one determinant in their zeroth-order model for the wave function. 2 Single-reference methods are often unable to deal with strong correlation effects while multireference methods are generally not as accurate as the best single-reference methods in the absence of multireference correlation. A different approach to treating these two types of correlations can be achieved through methods that directly compute the two-electron reduced density matrix ͑2-RDM͒.
Because a molecule's electronic Hamiltonian involves at most pairwise interactions and all of its electrons are indistinguishable, its energy is expressible as an exact linear functional of the 2-RDM. [3] [4] [5] [6] [7] [8] [9] The 2-RDM, resulting from integration over electrons 3 through N of the N-electron density matrix 2 
D͑1,2;1Ј,2Ј͒
= ͵ ⌿͑1,2, . . . ,N͒⌿ ‫ء‬ ͑1Ј,2Ј, ... ,N͒d3 ... dN, ͑1͒
encodes the key information about the electron pair density. Early attempts to determine the 2-RDM without first constructing the wave function 10, 11 demonstrated that the 2-RDM must be constrained by additional conditions to ensure that it represents an N-electron wave function. These constraints became known as the N-representability conditions while the search for them was called the N-representability problem. [3] [4] [5] [6] [7] [8] [9] Recently, two general approaches to the direct calculation of the 2-RDM have emerged: the variational calculation of the 2-RDM constrained by a necessary set of N-representability conditions 3, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and the nonvariational calculation of the 2-RDM from solving the anti-Hermitian part [29] [30] [31] [32] [33] [34] [35] [36] [37] of the contracted Schrödinger equation ͑CSE͒. [38] [39] [40] [41] [42] [43] [44] [45] In this paper we focus on the latter method.
Contracted Schrödinger theory, including the iterative solutions of the CSE ͑Refs. 38-45͒ and the anti-Hermitian part of the CSE ͑ACSE͒, [29] [30] [31] [32] [33] [34] [35] [36] [37] combines contracted stationary-state equations with the cumulant reconstruction of higher-order RDMs from the 2-RDM ͑Refs. 46-51͒ to generate renormalized electronic structure methods that determine the 2-RDM without the wave function. The CSE was derived by Cohen [29] [30] [31] [32] Because there is a one-to-one mapping between the CSE with N-representable RDMs and the N-electron Schrödinger equation by Nakatsuji's theorem, 42, 53 the CSE can also be regarded as a complete stationary-state condition. Other stationary-state conditions can be considered as subsets of the CSE. The ACSE method from a Hartree-Fock reference employs two subsets of the CSE: ͑i͒ the anti-Hermitian part of the CSE ͑ACSE͒ and ͑ii͒ the further contraction of the CSE onto the one-electron space, known as the 1,3-CSE. 32 The improved accuracy of the ACSE relative to the CSE arises because the ACSE with a cumulant reconstruction of the 3-RDM is correct to one higher order of renormalized perturbation theory than the CSE. 31, 32, 60, 61 The solution of the ACSE produces energies whose accuracy lies between that of coupled cluster with single-double excitations ͑CCSD͒ and coupled cluster with perturbative triple excitations ͑CCSD͑T͒͒. [29] [30] [31] As the size of the basis set increases, the accuracy of the ACSE improves relative to the coupled cluster methods. 32 As in the case of the CSE, the ACSE does not depend upon a mean-field ͑or Slater determinant͒ wave function. Consequently, the 2-RDM of the ACSE can be initialized from the Hartree-Fock 2-RDM or the 2-RDM from a correlated method such as multiconfiguration self-consistent-field ͑MCSCF͒. 35, 37 Using an initial 2-RDM from a MCSCF calculation is particularly advantageous because the ACSE can then be employed to add single-reference ͑dynamic͒ correlation to both the energy and the 2-RDM. Here we employ this multireference formulation of the ACSE to examine sigmatropic shifts in propene and acetone enolate. We also extend the ACSE formalism to treat both singlet and doublet spin states for the computation of dissociation channels. Although the Woodward-Hoffmann rules predict antarafacial pathways for ͓1,3͔-sigmatropic shifts in propene and acetone enolate, the pathway in propene is anticipated to be unfavorable due to strain in the transition state. 1, [62] [63] [64] [65] [66] [67] Using the ACSE with the 6-311G ‫ءء‬ basis set, we found that the activation energy of the ͓1,3͔-shift in propene is Ϸ86 kcal/ mol. By contrast, however, the activation energy of the ͓1,3͔-shift in acetone enolate is more favorable by Ϸ30 kcal/ mol, which is consistent with a prior theoretical investigation of acetone enolate 68 as well as experimental observations of these shifts in 2-butanone enolate. 69, 70 We also considered alternative mechanisms for the ͓1,3͔-rearrangements in propene and acetone anolate in which they are accomplished by two suprafacial ͓1,2͔-shifts. In propene, we found that successive ͓1,2͔-shifts are possible and, in fact, energetically more favorable than a single ͓1,3͔-shift while in acetone enolate the ͓1,2͔-shift leads to a ring closure. The trimethylene diradical, the intermediate in propene's successive ͓1,2͔-shifts, has been the subject of many theoretical and experimental studies. [71] [72] [73] [74] [75] [76] The natural occupation numbers computed from the ACSE verify its significant multireference character, and a comparison of these natural occupation numbers with those from coupled cluster singles-doubles highlights the ACSE's ability to recover multireference correlation more effectively than traditional single-reference methods of similar cost. The calculations also confirm that the energy barrier in the trimethylene-to-propene rearrangement is extremely sensitive to the treatment of both singleand multireference correlation. In the 6-311G ‫ءء‬ basis set the ACSE predicts the activation energy of the trimethylene-topropene rearrangement to be 8.8 kcal/mol while multireference perturbation theory yields a smaller barrier of 2.2 kcal/ mol and coupled cluster singles-doubles predicts a negative barrier.
The remainder of this paper is structured as follows: In Sec. II we briefly describe the theoretical foundations of the anti-Hermitian contracted Schrödinger equation and its extension to treating both singlet and doublet molecular systems. In Sec. III we apply the ACSE methodology to the study of sigmatropic rearrangements of hydrogen in propene and acetone enolate. Concluding remarks are presented in Sec. IV.
II. THEORY
The contracted Schrödinger equation may be divided into a Hermitian term which depends on the 2-, 3-, and 4-RDMs and an anti-Hermitian term which depends upon only the 2-and 3-RDMs. 38, 42, 54, 61 In this work, we focus on solving the anti-Hermitian term which can be written in second quantization as
where â i † ͑â i ͒ are second-quantized operators that create ͑de-stroy͒ an electron in spin orbital i. The Hamiltonian is expressible as the sum of 1-and 2-body operators in secondquantized notation,
Rearranging the creation and annihilation operators yields an expression for the ACSE in terms of 1-and 2-body operators and 2-and 3-RDMs as detailed in earlier papers. 29, 36, 54, 55 The ACSE cannot be solved directly for the 2-RDM without knowledge of the 3-RDM and we rely on an approximate reconstruction of the 3-RDM ͑Refs. 40, 42, and 56͒ by a cumulant expansion in terms of lower RDMs. [46] [47] [48] [49] [50] [51] The cumulant expansion of the 3-RDM is
where terms such as
are known as cumulant or connected terms, [46] [47] [48] [49] and ∧ denotes the Grassmann wedge ͑antisymmetric tensor͒ product. 42, 77 In this application, the initial 2-RDM is obtained from a MCSCF calculation rather than a Hartree-Fock calculation to permit the inclusion of significant multireference correlation effects. By setting the cumulant term 3 ⌬ to zero in the 3-RDM reconstruction, we remove the ACSE's dependence on the 3-RDM. After the 2-RDM is initialized, it is evolved by a system of differential equations that minimizes the energy and the residual of the ACSE. These equations only depend on the reference determinants in the MCSCF wave function through their footprint in the 2-RDM. The solution of the ACSE scales in floating-point operations as ͑r c + r a ͒ 2 r v 4 where r c , r a , and r v are the number of core, active, and virtual orbitals, respectively. Additional details of the multireference formulation of the ACSE are provided in Refs. 35 and 37. To compute dissociation energies, we treat the dissociated species as a supermolecule consisting of the radical molecule and a spatially separate hydrogen atom. The doublet subsystems are coupled through their spins to make a composite singlet wave function. Hence, the 2-RDM in the ACSE represents the following wave function:
where and denote the open-shell wave functions for the dissociated radical molecule and hydrogen atom, respectively, and the ␣ and ␤ subscripts denote net ϩ1/2 and Ϫ1/2 spin states.
III. APPLICATIONS, RESULTS, AND DISCUSSION
In a sigmatropic shift migration of the -bond can occur by two pathways with respect to the plane of the -system: migration on one side of the -plane, termed suprafacial, or migration through the -plane, termed antarafacial ͑see Fig.  1 for illustration of the antarafacial pathway͒. The rules of Woodward and Hoffman, 1 which determine the favored pathway from the phases of the p-orbitals in the highest occupied molecular orbital, predict that the suprafacial pathway will be symmetry allowed when j =4n + 1, while the antarafacial pathway will be allowed when j =4n − 1, where n is an integer.
Different pathways for the sigmatropic rearrangements in propene and acetone enolate, given in Figs. 2 and 3, respectively, are examined including comparisons with the dissociation channels of the migrating hydrogens. Our study of propene involves the reactant/product structure ͑1, C s symmetry͒, the ͓1,3͔ antarafacial transition state ͑TS1, C 2 symmetry͒, the ͓1,2͔ suprafacial transition state ͑TS2͒, the trimethylene diradical which is the intermediate in successive ͓1,2͔ shifts ͑2, C s symmetry͒, and the allyl radical that results from dissociation of the migrating H ͑3, C 2v symmetry͒. The reactivity for acetone enolate involves the reactant/product structure ͑A, C s ͒, the ͓1,3͔-antarafacial transition state ͑TSA, C 2 ͒, and the radical resulting from dissociation of the migrating hydrogen ͑C, C 2v ͒. In addition to solving the ACSE for each structure, we computed energies for all structures using 6-31G
‫ء‬ and 6-311G ‫ءء‬ basis sets at the following levels of theory in GAMESS: 78 second-order multireference perturbation theory ͑MRPT2͒, 79 coupled cluster with single and double excitations ͑CCSD͒, and completely renormalized coupled cluster theory ͑CR-CC͑2,3͒͒. 80 Electron integrals used in constructing 1-and 2-body operators for the ACSE were also computed using GAMESS.
The geometries for all structures were optimized using multiconfigurational ͑or complete active-space͒ selfconsistent-field ͑MCSCF͒ wave functions, 81 wherein the variational space is partitioned into core, active, and virtual spaces that are fully occupied, partially occupied, and unoccupied respectively. The active space for all singlet propene structures includes 4 electrons in 4 spatial orbitals ͓͑4,4͔͒, while the active space for the doublet allyl radical includes 3 electrons in 3 orbitals ͓͑3,3͔͒. The active space for all singlet enolate structures includes 6 electrons in 5 orbitals ͓͑6,5͔͒, while the doublet radical enolate structure includes 5 electrons in 4 orbitals ͓͑5,4͔͒. The active spaces were selected to be sufficiently flexible in their description of the bond breaking/forming process. The initial 2-RDM used in the ACSE in each calculation was derived from the corresponding MCSCF wave function. Correlation energies in hartrees are reported for calculations in the 6-31G
‫ء‬ and 6-311G
‫ءء‬ basis sets at all levels of theory for propene structures ͑Table I͒ and acetone enolate structures ͑Table II͒. Activation and dissociation energies are reported in kcal/mol for propene ͑Table III and Fig. 4͒ and acetone enolate structures ͑Table IV and Fig. 5͒ calculated at all levels of theory in the 6-31G
‫ء‬ and 6-311G ‫ءء‬ basis sets ͑Fig. 5͒. In Table III ACSE calculations in the 6-311G
‫ءء‬ ͑6-31G ‫ء‬ ͒ basis set predict that the activation energy for a ͓1,3͔-shift in propene is 85.7 ͑87.7͒ kcal/mol while the activation energy for a ͓1,2͔-shift from propene is 74.7 ͑76.4͒ kcal/mol. For the successive ͓1,2͔-shift pathway, there is also an activation barrier from the trimethylene diradical 2 to TS2 which we predict to be on the order of 10 kcal/mol ͑Fig. 4͒. These calculations suggest that the antarafacial rearrangement has a higher activation barrier than the suprafacial pathway. Furthermore, the ͓1,3͔-antarafacial rearrangement is not kinetically favored over dissociation as we predict the barrier to 3 to be 85.2 ͑78.9͒ kcal/mol where the experimental dissociation is approximately 86 kcal/mol. 68 These result are in accord with qualitative predictions made as early as Woodward and Hoffman's original paper in which they reason that TS1 in the ͓1,3͔-shift experiences geometric strain and disruption 4 . Schematic of the potential energy surface along the reaction coordinates for the propene reactivity illustrated in Fig. 2 . TS1 is observed to have a higher energy than TS2 or allyl radical ͑3͒, suggesting it will not compete in thermal reactions. of the system which considerably destabilizes the structure. This point is further reinforced by the fact that ͓1,3͔-shifts in propene have not been observed experimentally. For the molecules of the propene pathway in Table I , we find that the correlation energies recovered by the ACSE are consistently 30-50 mhartrees below the energies from MRPT2. Furthermore, the ACSE correlation energies are between those from CCSD and CR-CC with the exception of trimethylene 2, a diradical with considerable multireference character. CCSD incorrectly predicts that trimethylene 2, an intermediate, is higher in energy than TS2. Although the CR-CC is able to improve the energy error of CCSD and stabilize trimethylene, its correlation energy for 2 is still above that of the ACSE.
Importantly, as seen in the natural occupation numbers of Table V, a single-reference method such as CCSD does not sufficiently model the multireference character of the trimethylene diradical while a multireference method such as MCSCF does not treat the dynamic correlation. In contrast, the ACSE method produces a 1-RDM whose occupation numbers capture both the single-and multireference correlation effects of the diradical. In the 6-311G
‫ءء‬ basis set the ACSE yields occupation numbers for orbitals 10 and 15 of 0.9777 and 0.0125 which agree with the 0.9773 and 0.0109 occupation numbers from CCSD while MCSCF, which does not correlate them, gives 1 and 0. For orbitals 12 and 13 the ACSE yields occupation numbers of 0.5361 and 0.4568 which agree with the 0.5407 and 0.4591 occupation numbers from MCSCF while CCSD, which is not designed for multireference correlation, gives 0.7379 and 0.2572.
The energy difference between the trimethylene diradical 2 and TS2 has been the subject of much scrutiny, particularly in understanding the conversion of cyclopropane to 1. The presence of structure 2 as a stable intermediate was implicated by Rabinovitch et al. 82 when they observed that cistrans isomerization in isotopically labeled cyclopropane competed with conversion to 1. Quantum chemical calculations of the activation enthalpy from trimethylene to transition states for such rearrangements did not indicate significant stability of species 2. 74 Pedersen et al. 72 also observed short lifetimes of 2 resulting from the decarbonylation of cyclobutanone. Different estimations of the energy difference between 2 and TS2, based on bond enthalpies and rate information, lie between 4 to 10 kcal/mol. 71 In Table III , we observe that 2 is clearly stable compared to TS2 by 8.7 ͑9.8͒ kcal/mol, which is consistent with theoretical work on the ͓1,2͔-pathway performed by Schlegel et al., who found a significant barrier at the CASSCF level. 62 Bettinger et al. 75 also suggested an alternative pathway for ring opening of cyclopropane that involves carbene propylidene in a concerted mechanism without the trimethylene intermediate, and NMR experiments with isotopically labeled cyclopropane demonstrated the occurrence of both mechanisms. 76 Because our focus is strictly on sigmatropic shifts, we do not examine pathways for ring opening.
In the acetone enolate case, we find that the ͓1,3͔-barrier height is substantially stabilized by the substitution of oxygen anion relative to the propene system. In the 6-311G ‫ءء‬
͑6-31G
‫ء‬ ͒ basis set the activation energy of the ͓1,3͔-shift in acetone enolate is 28.1 ͑27.5͒ kcal/mol lower than the corresponding activation energy in propene, in agreement with previous studies performed by Hudson and McAdoo 68 that suggest substituents on the central carbon typically stabilize the antarafacial transition state. In Table IV and Fig. 6 the barrier to dissociation is 100.2 ͑91.7͒ kcal/mol, while the barrier height of the ͓1,3͔-shift is 57.6 ͑62.5͒ kcal/mol. The activation energy to ring closure ͑not studied here͒ was computed to be 90.7 ͑88.0͒ kcal/mol. These findings are also consistent with the experimental observation of ͓1,3͔-shifts in enolate molecules, particularly ͓1,3͔ shifts in 2-butanone enolate observed by Sannes and Brauman 69 and Hayes et al. 70 Although there have been some attempts to demonstrate computationally that a suprafacial pathway is responsible for this rearrangement, 69 our results indicate that suprafacial migration of hydrogen is not responsible for the shift because the associated transition state structure is Ϸ30 kcal/ mol higher than the antarafacial transition state in accord with the careful computational investigation performed by Hudson and McAdoo. 68 Furthermore, evolution along the intrinsic reaction coordinate indicates that suprafacial migration, in fact, leads to a ring closing, so not only is this pathway less facile than the antarafacial pathway but it is not a pathway for a sigmatropic shift. The structures involved in the acetone enolate are well treated by single-reference methods and we find, as expected, that the ACSE recovers consistently more correlation energy than CCSD but less correlation energy than CR-CC ͑Table II͒. 37 It is very important that the ACSE consistently recovers correlation energy to this degree in single-reference cases, as this is a limitation of many multireference methods such as CASSCF and MRMPT. This balance between single-and multireference correlation permits high quality studies of potential energy surfaces at both equilibrium and nonequilibrium geometries with a computational scaling comparable to CCSD.
IV. CONCLUSIONS
From solving the ACSE, we were able to recover several key insights into the energetics of sigmatropic shifts in propene and acetone enolate. In particular, we determined that ͑i͒ the antarafacial mechanism in propene is not energetically facile relative to dissociation or successive ͓1,2͔-suprafacial shifts, ͑ii͒ the trimethylene diradical structure is a stable intermediate on the potential energy surface of the stepwise suprafacial shift in propene, its stability being sensitive to a balanced treatment of single-and multireference correlation, and ͑iii͒ the ͓1,3͔-antarafacial transition state is stabilized by FIG. 5. Potential energy surface along the reaction coordinate for the suprafacial pathway in propene showing a zoomed-in view of the relative energies of the transition state structures. The energy of 2 is computed to be higher in energy than TS2 by CCSD. A T1 diagnostic of greater than 0.02 for both 2 and TS2 suggests that multireference correlation may be compromising the reliability of CCSD in this case. The ACSE predicts a deeper well for 2 relative to TS2 than either MRPT2 or CR-CC. All calculations in the 6-311G
‫ءء‬ basis and zero-point corrected at the 6-311G ‫ءء‬ /MCSCF level. Fig. 3 . TSA, the oxygen anionsubstituted analog of TS1 has the lower activation energy compared to the dissociation energy, suggesting that the ͓1,3͔ shift is energetically competitive in enolate. Energy points are calculated at the 6-311G ‫ءء‬ /ACSE level and zero-point corrected at the 6-311G
‫ءء‬ /MCSCF level.
Ϸ30 kcal/ mol by replacing propene with acetone enolate, which may be viewed as substituting the hydrogen on propene's central carbon with an oxygen anion. Furthermore, our results indicate that the oxygen substitution to form acetone enolate eliminates the possibility of a suprafacial sigmatropic shift. Suprafacial migration of hydrogen in acetone enolate seems to be involved in a ring-closing mechanism.
In general, the ACSE provides a robust tool for adding dynamic ͑single-reference͒ correlation to a 2-RDM that includes multireference correlation effects in a space spanned by active orbitals. 35, 37 The traditional approach to introducing multireference correlation with respect to a set of active orbitals is the complete active-space self-consistent-field method. 81 However, the ACSE can also be combined with recent methods that treat larger active spaces including the active-space variational 2-RDM method, 27 the density matrix renormalization-group method, 83 and the perfect quadruples model. 84 Any method that generates a 2-RDM ͑or a wave function that can be contracted to a 2-RDM͒ can be employed as a front end to the ACSE. The balance in the ACSE method between single-and multireference correlation makes it extremely unique in the breadth of its applicability. Single-reference methods are often ineffective in their treatment of multireference correlation, and likewise, multireference methods are often limited in their ability to treat singlereference ͑dynamic͒ correlation. The ACSE achieves an accuracy between CCSD and CCSD with perturbative triples ͑CCSD͑T͒͒ for single-reference correlation, but it also maintains this kind of accuracy for multireference correlation. The ACSE thereby delivers a balanced, consistent accuracy for both types of correlation.
Contracted Schrödinger theory, combining contracted stationary-state equations [52] [53] [54] with cumulant reconstruction of higher-order RDMs, 40, [46] [47] [48] [49] [50] [51] addresses the longstanding N-representability problem [3] [4] [5] [6] [7] [8] [9] by providing a renormalized approach to the direct calculation of the 2-RDM. It encompasses a potentially wide array of methods including the CSE ͑Refs. 38-45͒ and the ACSE. [29] [30] [31] [32] [33] [34] [35] [36] [37] There are also important connections to the canonical transformation ͑CT͒ method. 85 [52] [53] [54] and ͑ii͒ cumulant reconstruction of higher-order RDMs or RDOs, 40, [46] [47] [48] [49] [50] [51] it is also important to emphasize some of the differences. The ACSE is a subset of the CSE that does not necessarily satisfy Nakatsuji's theorem. 42, 53 The ACSE, however, is accurate to an additional order of renormalized perturbation theory than the CSE when its 3-RDM is approximated by a cumulant expansion with the cumulant ͑or connected͒ 3-RDM set to zero. 31, 60 There are also important differences between the CSE/ACSE and CT methods: ͑i͒ the CSE/ACSE methods are optimized in the Schrödinger representation while the CT method is optimized in the Heisenberg representation, ͑ii͒ as a consequence of ͑i͒, the CSE/ACSE methods have a different intrinsic variable, the 2-RDM, from the CT method, an effective Hamiltonian, ͑iii͒ in the CSE/ACSE methods the N-representability of the solution is readily checked from known, necessary conditions on the 2-RDM, 3 and ͑iv͒ when initiated from a Hartee-Fock 2-RDM, the ACSE method employs both the 1,3-CSE and a second-order correction to the cumulant 3-RDM, 32 which render it more accurate than the current CT methods.
The accuracy obtained from the ACSE for the sigmatropic shifts in propene and acetone enolate is representative of its ability to treat both single-and multireference correlation phenomena across a diverse range of quantum chemical systems. Specifically, the accuracy is also consistent with that observed in the ACSE's application to the electrocyclic reaction of bicylobutane to form gauche-1,3-butadiene. 37 The applicability of the ACSE, as was demonstrated, is not limited TABLE V. Natural occupation numbers in trimethylene diradical including two highest "core" orbitals, active orbitals, and two lowest "virtual" orbitals reported at MCSCF, CCSD, and ACSE levels. to closed shell systems, and a generalization of the methodology used here for dissociation energies will be described in a forthcoming paper.
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